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Let A be an arbitrary Banach space operator with resolvent defined for all /, > 0. 
We define a linear manifold Z in the given space and a norm 111.111 on Z majorizing 
the given norm, such that (Z, 1/1.1/l ) is a Banach space, and the restriction of A to Z 
generates a strongly continuous semigroup of contractions in Z. This so-called 
Hille-Yosida space (Z, II/.iIl) is “maximal-unique” in a suitable sense. P 1988 
Academic Press. Inc. 
1. INTRODUCTION 
The well-known Hille-Yosida theorem states that a (linear) operator A 
with domain D(A) in a Banach space X is the infinitesimal generator of a 
strongly continuous semigroup of contractions {T(t) 1 t > 0} in X if and 
only if A is closed, densely defined, and its resolvent R(I; A) is defined for 
1. > 0 and satisfies the inequality IIR(1.; A)11 < l/A for all ;1> 0 (cf. 
Cl, P. 3631). 
In this paper, we consider an arbitrary operator A {with domain D(A) 
and resolvent R(1.; A) defined for all 2 > 0). In the spirit of our earlier work 
on “local” spectral analysis (Cf. [2, 3,4]), we show that there exists a 
linear manifold Z in X and a norm 111.111 on Z majorizing the given norm, 
such that (Z, ~~~~~~~) is a Banach space, and the “restriction of A to Z” 
generates a strongly continuous semigroup of contractions { r(t) ( t 2 0} in 
Z. Moreover, this so-called Hille-Yosida space (Z, ~~~~~~~) is “maximal- 
unique” in a sense to be clarified below. In particular, our result provides a 
maximal subspace of initial values z in X for which the Abstract Cauchy 
Problem 
x’(t) = Ax(t) 
x(0) = z 
t20 
t) z (cf. [ has a unique solution, namely x(t) = T( 1, p. 6221). 
*The problem solved in this paper was suggested by Rhonda Hughes (oral com- 
munication). 
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2. THE HILLE-YOSIDA SPACE 
Let A be an (unbounded linear) operator with domain D(A) in the 
Banach space X. We assume that the resolvent R(E,; A) = (II- A) ~ ’ is 
defined (as a bounded everywhere defined operator) for all A > 0. 
2.1. DEFINITION. For XEX, set l~l~l~~=SUp{(I~~=, A~R(I,;A)xII, I*j>O, 
n = 0, 1, . . . }, the product being defined as x for n = 0, and the supremum 
being taken over all choices of Aj and n. 
Clearly, the set 
y= {XEX lllxlll <a} 
is a linear manifold, and ~~~~~~~ is a norm on Y, which majorizes the given 
norm I/ .II. 
IS invariant for every bounded operator U which 
II UII B(X) 
in (Y, lII.~l~ ) and (‘X, I/.(1 ), respectively). 
(these are the operator norms of U 
(ii) (Y, liI.III) is a Banach space. 
Proof: (i) If the bounded operator U commutes with A, it commutes 
with R(A; A) for each A> 0. Therefore, for x E Y, 
Ill Uxlll = sup 
II 
U fi A.$@,; A) x Q II We(x) . /IlxI/l < ~0, 
,=I II 
and (i) follows. 
(ii) We need to prove completeness. Let {xk} c Y be lIl.lI/-Cauchy. 
Since ~~~~~~~ 2 11.11,{xk) is II.Il-Cauchy. Let XEX be its /I.II-limit, and let K= 
supl\lxkl\l (K < cc since { xk} is l/l .1/l-Cauchy). For each A, > 0 and n 3 0, 
i.e., lllxlll <KC co, and so XE Y. 
Given E > 0, there exists k, such that lllxk - x,11/ < E if k, I > k,. Therefore, 
for all Aj > 0 and n 2 0, 
11 fi WJe,; A)(xI, -x,)11 G Illxk - x~lll < E 
j= 1 
if k, I > k,. Letting l+ co, and then taking the supremum over all A, and n, 
we obtain /JIxk -XIII <E for all k> k,:, as wanted. 
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2.3. DEFINITION. Let DY(A)= {xED(A);x, AXE Y}. The Hille-Yosida 
space for A is the Banach space 2 = D ,(A ), where the closure is taken in 
( y3 III 4 ). 
The terminology is motivated by the following 
2.4. THEOREM. Let Z be the HilleeYosida space for A. Then the restric- 
tion A, = A I D(A,) with domain 
D(A,)= {xED(A);x, AxEZ} 
is the infinitesimal generator (in Z) of a strongly continuous semigroup of 
contractions { T(t); t 3 0). 
Moreover, Z is “maximal-unique” in the following sense: zf ( W, 1.1) is a 
Banach space such that WcX, 1.1 > Il./I, and A, = A ID(A,) with D(A,)= 
{x E D(A); x, Ax E W} is the infinitesimal generator (in W) of a strongly 
continuous semigroups of contractions, then WC Z, II~xlll < 1x1 for all x E W, 
andA,cA,. 
Proof The identities (for 3. > 0) 
(j>-A)R(&A)y=y (YE Y) 
R(i;A)(I.-A)y=y (YEDAA)) 
show that R(,$ A) I Y is the resolvent of A ,,= A I DY(A) (as an operator 
in Y), since /INi; A 1 I YII Bc yj G /IR(k A)ll.,,, < cc, by Proposition 2.2(i). In 
particular, A, has a non-empty resolvent set, and is therefore a closed 
operator in Y. For all J E Y and 1. > 0 given, 
IIlWk A y) All = lllWjw; A) YIII 
= sup fi A,R(A,; A) I.R(I.; A) y 
i.,,,,n II/=l 
II 
?7+1 
=sup n l,R(A,; A) y , 
j.) n j= I II 
where, in the last supremum, A, > 0 are arbitrary for 1 d j < n and 1, + , = A 
(n = 1, 2, . ..). Hence IIlAR(I; A,) ylll < III ylll, ie, II&k A,)ll.(,, < l/1 for all 
A> 0. We may then apply Theorem 12.2.4 in [ 1, p. 3591 to the operator 
A, in the space (Y, 111.111). With the notations of Definition 2.3 and 
Theorem 2.4, it follows that A, is a closed operator in Z with domain dense 
in Z, and R(A; A,) = R(& A y) I Z. 
In particular, IIR(A; Ao)llBcz,d IIR(A; Ay)llBCy,< l/A for all A>O. By the 
Hille-Yosida theorem (cf. [l, p. 3631) applied to A, in Z, A,, is the 
infinitesimal generator (in Z) of a strongly continuous semigroup of con- 
tractions. 
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Next, suppose ( W, 1.1) and A, are as in the statement of Theorem 2.4. 
Denote by ( T,(t); t 3 0 } the strongly continuous semigroup of contractions 
generated by A, in W. Then, for each w E W and j& > 0, 
l%R(1; A) WI = IiR(i; A,) WJ (as at the beginning of the proof) 
= 
I j 
r 
e -“‘T,(t) w dt < IwI, 
0 
i.e., W is R(1; A)-invariant, llR(& A)/ WIIB,wl < 1, and 
R(& A,)=R(I; A)1 W. 
It follows that 
= llj 
5 
-j 
3c 
/1, . ..jwne-(j.t’l+ .. 4,) Tl(t, + ... + t,) w dt, . ..dt. 
0 0 
< 1 same expression I 
iiep’j’dt. /WI = IwI. 
Hence IIlwlll dlwl and WC Y. Also D(A,)c {xED(A); x, AXE Y)- 
DY(A). Since A, is a semigroup generator and ~~~~~~/ 6 1.1, we have 
W= D(A,)” c DY(A)‘.’ c D,(A)” “’ = Z. 
(The norm signs juxtaposed to the closure sign indicate that the closure is 
taken with respect to the corresponding norm). Hence D(A,) c D(A,) and 
A,cAo. 
3. COMMENTS 
By the maximal-uniqueness property of Z, if A generates a semigroup of 
contractions in X, then Z = X and ~~~~~~/ = ~~~. 
Let x be an eigenvector of A corresponding to the eigenvalue c1< 0. 
Then, for ,Jj > 0, 
fi l.jR(ij; A) x = fi &/(A;--CL) x 
J=1 II II j= I 
= ( fj ‘J/t’., - ‘)) iIxI/ G ilxll 
J=I 
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Hence //1x1/1 = lixll and XED~(A). It follows that Z contains the II/.l(l-closure 
of the linear span of all the eigenvectors of A. 
Let S be the semisimplicity manifold for A (cf. [3, Sect. 14.15; 43). If X is 
reflexive, there exists a unique spectral measure E on S such that 
R(i;A)x=jm (A+s)-’ E(ds)x, XE s. 
0 
In addition, the map f + j: fE(ds) x defines an algebra homomorphism of 
the algebra B(lR+) of all bounded Bore1 functions on iR+ into the algebra 
U(S) of all linear transformations with domain S and range contained in S 
(cf. [3, p. 153 or 43). It follows that 
fi A,R(,lj,A)x=~X fi A,(jw,+s)-’ E(ds)x (xES;AjiiO). 
j= 1 0 j= 1 
The integrand being bounded by 1, this shows that SC Y and therefore 
D(AIS):=ixED(A);x,AxES}cD,(A). 
Consequently, Z contains the IIl.l//-closure of D(A I S) (the domain of the 
restriction of A to the semisimplicity manifold). 
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